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Lecture 13

Dynamics of Temporal
Difference Learning 
– an Analytical Calculation
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Classical Conditioning
uClassical: Reinforcers delivered independently

of actions taken by the animal

uStimulus u
uExpected reward r, R
uWeight w
uPredicted reward v
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Temporal Difference Learning
uTotal trial time T
uPredicting Future Reward

(only after stimulus onset!)
uStimuli u  over a range of time are weighted:

(Sutton and Barto 1990)
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Rule derivation (Dayan)
uError function:

uStochastic gradient

uRule                               ; 
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Introducing temporal difference
uHave                                        where

i.e. prediction is used in formula again.
uHence prediction error 

where                                is called the 
temporal difference term.

uAllows to predict future rewards.
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Full analytical treatment
uWe want to compute, for all trials n and for 

any time of trial t, the predicted reward vn(t).
uThe (single) stimulus u is given at t_u, the 

(extended) reward r(t) is presented at times 
t_r,min ... t_r,max.

uI.e. we will end up with a formula describing 
the following effects  of temporal difference 
learning:
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Effects of temporal difference learning
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Analytical treatment (1)
uHave for single stimulus                        :

and                                                    . Hence

uThis is a recursive (in the trials n) relation in 
vn(t), for all times of trial t. It shows:
v(t)=0 for t<tu and for t > tr,max
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Analytical (2)
u If this is to converge, we must have

and hence                           . This is o.k. 

u leads to                            ,
as seen in the rule derivation, satisfies                         

uHowever, that is just the required final state and says 
nothing about the dynamics and whether it actually 
converges to this state. We will therefore analytically 
derive the full dynamics now. 
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Analytical (3)
uWrite                                                           or

uIn matrix notation, with component index t:
and with          , one has
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Analytical (4)
uThe sum can be calculated (geometric series, 

E is the unit matrix):

u This gives the full dynamics! AN+1 has to be 
calculated, it depends on u and ε.

uI.e. we know vN(t) for any trial N and for any 
time of trial t analytically.

N
N 1 2 n 2 1 N 1

n 0
v u A * b u (E A) (E A ) * b+ − +

=

= ε =ε − −∑
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Convergence
u If (which is the case), the sum 

converges, and

u Insert A and b: convergence to :
NN 2 1 N 1 2 1v u (E A) (E A ) * b u (E A) b→∞− − −=ε − − ⎯⎯⎯→ε −
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Analytical (5)
uThe result for trial n+1 is, in full detail:
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Conclusion
u We have started with a trio: 

1. Cost function: vN(t)→(?) R(t), 
2. Production (Prediction) rule: Sutton and Barto, 
3. Learning (update) rule: temporal difference.

u We have integrated Production and Learning into a 
recursive formula

u From this, we have obtained a single (!) closed 
formula vN(t,ε,u,r(t)), as compared to the former trio 

u We have shown convergence vN(t,ε,u,r(t)) →R(t)
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